Abstract. It is proved that for certain large classes of unital C*-algebras, the existence of a unique, faithful tracial state implies simplicity. An example is given to show that this implication does not hold for all unital C*-algebras.
Proposition. If A is an exact, unital C*-algebra of stable rank one, then A has the QTS property.
Proof. The hypothesis implies that A has only one tracial state (faithful or otherwise). For, if τ is the unique faithful tracial state and σ is any tracial state, then their average (σ + τ )/2 is a faithful tracial state and therefore, must be equal to τ . Hence, σ = τ . The result now follows from the theorem.
Thus, by the theorem, a unital AF-algebra A is simple if and only if all its tracial states are faithful. By the corollary, a unital AF-algebra with a unique, faithful tracial state is necessarily simple.
The faithfulness condition in the corollary is necessary: If K is the C*-algebra of all compact operators on a separable, infinite-dimensional Hilbert space and A is the unitisation of K, then A is an AF-algebra and has a unique (non-faithful) tracial state, but A is obviously not simple.
Let T denote the unit circle in C. Recall that a circle algebra is a C*-algebra that is a unital direct limit A = lim A n , where each C*-algebra A n is a finite direct sum of matrix algebras M m (C(T)). Circle algebras have become important in recent years and some classical C*-algebras, such as the irrational rotation algebras and the Bunce-Deddens algebras, have been shown to be circle algebras [7, 8] .
Corollary. A circle algebra is simple if it has a unique, faithful tracial state.
Proof. The algebra C(T) has stable rank one, since the covering dimension of T is one [13, Proposition 1.7] . Hence, sr(M n (C(T))) = 1, by [13, Theorem 3.3] . Clearly, then, any finite direct sum of the algebras M n (C(T)) has stable rank one, and therefore, by [13, Theorem 5 .1], a unital inductive limit of such direct sums has stable rank one. Thus, circle algebras have stable rank one. Clearly, such algebras are also nuclear and, therefore, exact. The result now follows from Corollary 6. Proof. By [2, Proposition 3.7] , C = C * (A, G) is hypertracial. It therefore admits a tracial state; thus, it has a unique tracial state if and only if it has at most one tracial state. Suppose then C has a unique tracial state τ . Let E be the canonical positive linear map from C onto A. Since the restriction τ A of τ to A is necessarily an invariant tracial state of A, it is faithful, by hypothesis. Since E is also faithful (a non-trivial consequence of the fact that G is amenable [14, pp. 4-5] ), the composition σ = τ A • E is a faithful state of C. From the invariance property that τ A enjoys, it follows that σ is a tracial state and therefore, by the uniquetracial-state assumption, σ = τ . Hence, the unique tracial state of C is faithful. Therefore, by the theorem, C is simple. Proof. Since A is abelian, it is hypertracial. Also, an abelian group is necessarily amenable. Hence, the result follows from Corollary 10.
Theorem. Let

Corollary. Let
There are many cases in practice where we want to show that a C*-algebra is simple and has a unique tracial state. Corollary 11 can sometimes be used in such cases to give an efficient proof. For instance, consider the irrational rotation algebra A θ . Thus, A θ is a unital C*-algebra generated by a pair of unitaries u and v for which vu = λuv, where λ = exp(i2πθ) and θ is irrational. As is well known, A θ is simple and has a unique tracial state and we shall show this now using Corollary 11. To do it, let us take a particular realisation of A θ , namely
where A = C(T) and the action of Z on A is the one associated to the unique automorphism α on A that maps the canonical unitary generator z of A onto λz. If u = z and v is the canonical unitary in C * (A, Z) for which α(z) = vzv * , then vu = λuv and u and v generate A θ . In fact, A θ is the closed linear span of the elements u m v n , where m, n ∈ Z. Moreover, by the universal properties of the covariance algebra, if B is any other unital C*-algebra generated by a pair of unitaries U and V such that V U = λU V , then there is a unital * -homomorphism φ from A θ onto B such that φ(u) = U and φ(v) = V . Therefore, if we show A θ is simple, it will follow that A θ and B are canonically isomorphic.
Thus, we want to show that A θ has a unique tracial state and is simple. By Corollary 11, we need only show that A θ has at most one tracial state and any invariant state of A is faithful. Consider the latter condition first. A state on A corresponds to integration against a probability measure on the unit circle, and if the state is invariant, the measure must be equal to normalised Haar measure on T (using the irrationality of θ). Since the support of Haar measure is equal to T, the corresponding state is clearly faithful. Now suppose that τ is a tracial state of A θ . To see there can be at most one such tracial state, we need only show that necessarily τ (v m u n ) = 0, unless m = n = 0. However, this is a consequence of the easily-verified fact that v m u n = λ mn u n v m and the tracial condition. Recall that if (A, G) is a C*-dynamical system, the action of G on A is said to be effective if the automorphism of A corresponding to an element g of G is not the identity unless g = e, where e is the unit of G.
Many of the ideas in the proof of the following theorem are standard. Nevertheless, the hypotheses of the theorem do not follow along standard lines, since we make no explicit "minimality" assumption on the character space of the abelian C*-algebra. The result is known (see [3, Corollary 6] and [11, Corollary 2.10]). Proof. In light of Corollary 11, we need only show that C = C * (A, G) has at most one tracial state. To see this, we need only show that if σ is a tracial state of C, then σ = σ • E, where E is the canonical positive linear map from C onto A (for then σ(c) = τ (E(c)) for all c ∈ C). (We have σ A = τ , since σ A is an invariant state of A.) Since E(aU g ) = 0 for all g ∈ G \ {e} and for all a ∈ A, where U : g → U g is the canonical unitary representation of G in C, to see that σ = σ • E we need only show that σ(aU g ) = 0 for all g = e.
Theorem. Let (A, G) be a C*-dynamical system, where A is an abelian, unital C*-algebra and G is a discrete, abelian group that acts effectively on
Define
, since σ is a tracial state and G is abelian. Thus, σ g is an invariant bounded linear functional. However, by the Jordan decomposition, σ g is a linear combination of states, and it is easily verified that each of these is invariant. Hence, by the uniqueness assumption for τ , we have σ g = λ g τ for some complex number λ g . We shall show that λ g = 0 if g = e.
Before proceeding, let us denote the character space of A by Ω. As is well known, the action α : g → α g of G on A induces an action of G on Ω given by α g (a)(ω) = a(g −1 ω) for all a ∈ A and ω ∈ Ω. Here we are regarding A as the algebra of continuous functions on Ω. Since the action α is effective, if g = e, then gω = ω for some point ω in Ω. Hence, there exists an open set V in Ω containing ω such that V ∩ gV = ∅. Now choose a non-zero, positive element a in A having support in V . Since V ∩ gV = ∅, we have aα g (a) = 0. Hence,
that is, λ g τ (a 2 ) = 0. Since τ (a 2 ) = 0, because τ is faithful, we must have λ g = 0, as required.
The preceding theorem can be applied to a C*-dynamical system (A, G) in a context where we have not explicitly calculated the character space Ω of the abelian algebra A, and do not check for minimality of Ω under the induced action of the group G. This situation is illustrated in the following examples.
If s ∈ R, let e s be the function on R defined by e s (t) = e ist . Recall that an almost-periodic function on R is an element of the closed linear span in C b (R) of the functions e s (s ∈ R). Clearly, the set AP (R) of almost periodic functions is a C*-subalgebra of C b (R). If f ∈ AP (R), then the limit lim T →∞ (2T )
exists and is called the mean value of f . If the mean value off f is equal to zero, then f = 0 (see [4] ).
Suppose now G is a dense subroup of R. The closed linear span A in AP (R) of the functions e s (s ∈ G) is clearly a unital C*-algebra. We define a faithful state τ on A by letting τ (f ) be the mean value of f . Clearly, τ is the unique state of A for which τ (e s ) = 0 whenever s ∈ G and s = 0.
Consider the effective action α of G on A for which α s (e t ) = e ist e t for all s, t ∈ G. Since τα s (e t ) = e ist τ (e t ) = 0 if t = 0, the state τα s must be the same as τ . Hence, τ is invariant. Moreover, τ is the only invariant state of A. For, if σ is an invariant state, and s, t ∈ G, then σ(e t ) = σα s (e t ) = e ist σ(e t ). Hence, if σ(e t ) = 0, then e ist = 1 for all s ∈ G. By density of G in R, this implies that e ist = 1 for all s ∈ R. Therefore, t = 0. This shows that σ = τ , as required.
Summarising, we have shown that if G is endowed with the discrete topology, then (A, G) is a C*-dynamical system that satisfies the hypotheses of Theorem 12. Consequently, C * (A, G) is a simple C*-algebra with a unique tracial state. We present another example based on recent work of W. Arveson. This involves almost-periodic sequences, for which a convenient reference is [12] . Let α be the action of Z on the C*-algebra ∞ (Z) defined by translation. The set AP (Z) of all almost-periodic sequences is the closed linear span in ∞ (Z) of the group characters of Z. It is a C*-subalgebra of ∞ (Z) that is invariant under the action α. This algebra admits an invariant state defined by τ (a) = lim n→∞ ( n k=−n a k )/(2n + 1). Moreover, τ (a) is the unique scalar in the closed convex hull of the translates of a. Because every non-zero, closed, translation-invariant linear subspace of AP (Z) is the closed linear span of characters of the group Z, the left kernel N τ of τ must be equal to the zero space (since it cannot contain a character); that is, τ is faithful.
With these preliminaries stated, we can now prove the following result of Arveson [1] .
Theorem.
Let a = (a n ) n∈Z be a bounded real sequence that is almost periodic, but not periodic, and let M a be the corresponding multiplication operator on 2 (Z). Let U be the forward bilateral shift on the standard orthonormal basis of 2 (Z). Then the C*-algebra C * (M a , U) generated by M a and U is simple and has a unique tracial state.
. Hence, if A is the translation-invariant unital C*-subalgebra of AP (Z) generated by a, then C * (M a , U) is the image, under an obvious * -homomorphism, of the covariance algebra C * (A, Z) , where the action of Z on A is (the restriction of) α. Thus, we need only show that C * (A, Z) is simple and admits a unique tracial state. Hence, by Theorem 12, and the fact that τ A is faithful, we need only show that α is effective and that τ A is the unique invariant state of A. The first condition follows immediately from the assumption that a is not periodic. The second is a consequence of the fact that τ (b) is the only scalar in the closed convex hull of the set of translates of an element b of A.
All the elements of the preceding proof are to be found in Arveson's proof in [1] . However, the proof given here is much shorter and more elementary and illustrates again the convenience of Theorem 12; in contrast, the proof given in [1] proceeds along standard lines to first invoke the theory of the Connes spectrum to prove simplicity, and then goes on to show separately that a unique tracial state exists.
Arveson has given an application of Theorem 13 to the problem of calculating the spectra of discretised Hamiltonians (loc. cit.).
It is not true in general that the existence of a unique, faithful tracial state on a unital C*-algebra implies simplicity, as we shall now show. The hypotheses of the preceding theorem applies if I is a non-unital, separable, matroid C*-algebra with a unique tracial state. For, such an algebra is necessarily simple, implying the tracial state is faithful. Also, if A is the multiplier algebra of I, then A/I is infinite and simple [6] . Hence, A/I admits no tracial states.
We give an example now of a non-unital, separable, matroid C*-algebra with a unique tracial state. This example was shown to me by M. Rørdam. I would like to thank him for this and also for an example-not included here-of a nonsimple, unital C*-algebra with a unique, faithful tracial state. Rørdam's example of the latter was a little more complicated than that given here, but the idea of its construction inspired the example given here.
Let J be the C*-tensor product B ⊗ K, where B is an infinite-dimensional UHF algebra and K is the C*-algebra of all compact operators on a separable, infinite-dimensional, Hilbert space H with an orthonormal basis (e n ) ∞ n=1 . Let e mn be the operator on H that maps a vector x onto (x | e n )e m . If a is an element of J, then we may write a = Using the uniqueness of the tracial state on B, it is straightforward to verify that I has no other tracial state.
To sum up, we have shown that I is a non-unital, separable, matroid C*-algebra with a unique tracial state, as required.
Our example of a non-simple, unital C*-algebra with a unique, faithful tracial state is not separable. We do not know of a separable example.
